ABSTRACT. W ∞ denotes the category of archimedean -groups with designated weak unit and complete -homomorphisms that preserve the weak unit. CmpT 2,∞ denotes the category of compact Hausdorff spaces with continuous skeletal maps. This work introduces the concept of a functorial polar function on W ∞ and its dual a functorial covering function on CmpT 2,∞ .
is the designated weak unit. Let D(X) denote the set of extended real-valued continuous functions f on X, which are real-valued on a dense subset of X. A subset of D(X) that is a sublattice, contains 0 and 1, and is closed under addition and subtraction is called a W-subobject of D(X).
We now recall the Yosida Representation Theorem, which enables one to interconnect the algebra to the topology. For every W-object G with designated weak unit e G there exists a unique compact Hausdorff topological space Y G, and an -isomorphism φ such that: In the case when S is the singleton set of some g ∈ G we wrtie g ⊥⊥ for S ⊥⊥ and say that g ⊥⊥ is the principal polar generated by g. Let P(G) denote the set of all polars of G, then P(G) is a complete Boolean Algebra -under inclusion-in which the infimum is set-theoretic intersection.
A cardinal summand of G, is a polar K for which G = K ⊕ K ⊥ . G is said to be projectable (resp. strongly projectable) if every principal polar (resp. polar) is a summand of G. Define S(G) to be the set of all cardinal summands of G, then S(G) is a subalgebra of P(G).
Let G ≤ H ∈ W, we say that H is an essential extension of G, if and only if the trace map P → P ∩ G is a Boolean isomorphism from P(H) onto P(G) (see [C71] ). G ∈ W is said to be essentially closed if whenever H is an essential extension of G, then H = G. In [C71] Conrad proved that for every G ∈ W there exists a unique (up to isomorphism) W-object G e such that: G e is an essential extension of G, G e is essentially closed, and whenever H is an essential extension of G, then G ≤ H ≤ G e . G e is said to be the essential hull of G.
Ò Ø ÓÒ× Ò Ê Ñ Ö × 1.3º Let H be a class of W-objects closed under the formation of -isomorphic copies. We call H a hull class if for every G ∈ W there exists hG ∈ H such that hG is an essential extension of G and whenever H ∈ H and G ≤ H ≤ G e , then there exists f : hG → H ∈ W which restricts to the identity on G.
Examples 1.4.
(a) Let E denote the class of essentially closed W-objects.
(b) Unless otherwise stated α denotes an infinite cardinal, or the symbol ∞, which is used to indicate no cardinal constraints. P ∈ P(G) is said to be an α-generated polar if there exists an S ⊆ G such that |S| < α and P = S
⊥⊥ . An -group G is said to be α-projectable if every α-generated polar of G is a summand. Let P(α) denote the class of α-projectable W-objects, then P(α) is a hull class. Observe that P(ω) is the class of projectable groups, whereas, P(∞) denotes the class of strongly projectable groups. For details and additional examples see [HM99] and its reference.
Ò Ø ÓÒ× Ò Ê Ñ Ö × 1.5º CmpT 2 denotes the category of compact Hausdorff spaces with continuous maps. Let τ : Y → X ∈ CmpT 2 be a surjective map. We say that τ is irreducible, if whenever V is an open subset of Y , there exists an open subset U of X such that τ −1 (U ) is densely contained in V . We say that the irreducible surjections τ : Y → X and δ : Z → X are equivalent if there exists a homeomorphism ι : Y → Z such that τ = δ · ι. It is well known that the equivalence of irreducible maps onto X forms and equivalence relation. Moreover, one can define a partial ordering on the set of equivalence classes, denoted Cov(X). Suppose that τ : Y → X and δ : Z → X are two irreducible surjections, we say that δ ≤ τ if there exists a continuous surjection µ : Y → Z such that τ = δ · µ. A class C of compact spaces is called a covering class if for each compact space X, there is a minimum member of Cov(X) that belongs to C (see [H89] and [PW89] ). In the following two items α denotes an uncountable cardinal or ∞.
(a) An open subset of a topological space X is said to be an α-cozeroset if U is the union of fewer than α-cozerosets. A topological space X is said to be α-disconnected if the closure of every α-cozeroset is clopen. It is well know that E(α) the class of α-disconnected spaces form a covering class. Observe that ω 1 -discnnected is equivalent to basically disconnected, and ∞-disconnected is equivalent to extremally disconnected (note: for a topological space X, EX denotes the extremally disconnected cover of X).
(b) An α-cozeroset U is said to be α-complemented if there exists a disjoint α-cozero set V such that U ∪ V is dense in X. A topological space with the feature that every α-complemented α-cozeroset has clopen closure is said to be an α-cloz space. As in the case of (a), CL(α) the class of all α-cloz spaces form a covering class.
Polar and covering functions
In [M02a] it is demonstrated that the examples in 1.4 (b) are but a specific case of a more general hull operator on W. We review this next and in §4 demonstrate how such a hull operator may give rise to a reflection.
the polar that is generated by K in H. Let X be a function which assigns to each W-object G a subalgebra X (G) ⊆ P(G) that contains all the cardinal summands of G. Such a function is called a polar function. In addition, if X has the feature that, whenever H is an essential extension of G, then
then X is said to be an invariant polar function. We write pf (resp., ipf ) to denote polar function (resp., invariant polar function) and for notational simplicity we write X for X (G). Let G ≤ H ≤ G e ∈ W and X be a subalgebra of P(G). H is said to be a X -splitting extension of G if whenever K ∈ X , then K ⊥ H ⊥ H ∈ S(H). The following notation will be implemented throughout the remainder of this paper: if g ∈ G and K ∈ P(G), then g [K] denotes the projection of g on the summand
One can easily verify that the projection on to a summand of G e is unique.
In [M02a] the author demonstrates that for each G ∈ W and each subalgebra X , there exists a least X -splitting extension. Moreover, each polar function X can be transfinitely iterated to produce its idempotent closure (defined below). For future reference we formally record [M02a, Theorem 2.4] and summarize the transfinite iteration process.
Given a polar function X define X 1 ≡ X . Suppose that for a given ordinal λ, we have that for every γ < λ, X γ is defined, such that for each G ∈ W and
In the case, when λ has a predecessor say κ, then we define for G ∈ W
As demonstrated in [M02a] , the above construction produces a transfinite sequence of polar functions
with the feature that if X is an ipf then each member of ( †) is an ipf. As one may expect, the sequence ( †) must eventually stabilize. Therefore, for each G ∈ W, there exists an ordinal τ such that
where τ is the least ordinal with the feature that X τ (G) = X τ (G), for τ > τ. We say that X b is the limit polar function of the sequence ( †). 
or in the case when λ is a limit ordinal
We conclude our review of polar functions by formally recording [M02a, Theorem 5.13].
Ì ÓÖ Ñ 2.4º For any ipf X the W-objects of the form
Let X ∈ CmpT 2 . Recall that A ⊆ X is said to be a regular closed set if A = cl X int X A. Let R(X) denote the set of regular closed sets of X, then R(X) is a complete Boolean algebra where A∨B = A∪B and A∧B = cl X int X (A∩B). It is well known that whenever τ : Y → X is an irreducible surjection, then the map B → τ (B) for B ∈ R(Y ) is a Boolean isomorphism from R(Y ) to R(X) whose inverse is defined as follows:
Ò Ø ÓÒ× Ò Ê Ñ Ö × 2.5º Let K be a function which assigns to each topological space X a subalgebra K(X) of R(X) that contains all the clopen sets of X. Such a function is called a covering function. If K has the feature that, for each irreducible surjection τ :
As with polar functions, one can transfinitely iterate the minimum K-covers to obtain its idempotent closure K b , and in the case when K is an icf K b gives rise to a covering class of compact spaces. The following two results are [M02a, Proposition 5.9, Theorem 5.13].
ÈÖÓÔÓ× Ø ÓÒ 2.6º Suppose that K is a covering function and that K
β for each ordinal β has been transfinitely defined. Then we have the following:
(ii) For each successor ordinal β and each compact Hausdorff space X,
(iii) If β is a limit ordinal, then
where the supremum is in Cov(X).
Ì ÓÖ Ñ 2.7º For any icf K, the compact spaces which satisfy
X = X[K b ] form a covering class denoted by T(K). The minimum cover of X in T(K) is X[K b ].
The categories W ∞ and CmpT 2,∞
W ∞ denotes the category of archimedean -groups with designated weak unit and complete -homomorphisms that preserve the weak unit.
On the topological side, we have that CmpT 2,∞ denotes the category of compact Hausdorff spaces with continuous skeletal maps.
We first review the topic of W ∞ -morphisms and then proceed to reflections. The following lemma (which is also independently proved in [Ma92] ) is a specific case of [Cr04, Proposition 2.2.5].
The following are equivalent:
The ability to identify when the extension of a W ∞ -morphism is a W ∞ -morphism will be of particular interest to us.
ÈÖÓÔÓ× Ø ÓÒ 3.2º Consider the following commutative diagram in
P r o o f. The dual of the above diagram yields the following commutative square 
The result then follows from Lemma 3.1.
Recall that f ∈ C is said to be an epimorphism, if whenever l, k ∈ C and
It should be noted that Proposition 3.4 was also independently observed by A. W. Hager.
Ò Ø ÓÒ× Ò Ê Ñ Ö × 3.5º ([HS79]) Let R be a subcategory of C. R is said to be a reflective subcategory of C, if for every C-object A, there exists an R-object rA, and a morphism r A : A → rA, such that whenever f : A → R with R ∈ R, then there exists a unique morphism f
In the case when r A is an epimorphism for every A ∈ C, we say that R is an epireflective subcategory. The dual concept of a reflection is that of coreflection: R is said to be a coreflective subcategory of C, if for every C-object A, there exists an R-object rA, and a morphism r A : rA → A, such that whenever f : R → A with R ∈ R, then there exists a unique morphism
The following proposition is the α = ∞ case of [Cr04, Proposition 2.2.6].
From Propositions 3.4 and 3.6, it follows that the class of essentially closed W-objects form an epireflective subcategory of W ∞ . We next examine the relationship between W ∞ maps and Boolean homomorphisms.
P r o o f. We demonstrate thatf preserves infimum and complements. Suppose that P, Q ∈ P(G). Since P ∩ Q ⊆ P and P ∩ Q ⊆ Q, it follows that
for some 0 < q ∈ Q. But ( †) along with the observation that p ∧ q ∈ P ∩ Q,
, which is a contradiction. We've just shown that if M ∈ P(H) and M ≤f (P ),f (Q), then M ≤f (P ∧ Q). Therefore,f preserves infimum. We demonstrate thatf preserves complements. First, observe that by the previous work if P ∈ P(G), then
Examples and Remarks 3.9º
As the following examples demonstrate the W ∞ -morphism provision in Propositions 3.7 and 3.8 cannot be omitted. 
. In other words, the induced map from P(C(X)) to P(C(Y )) does not preserve compliments. 
. Thus, Proposition 3.8 fails.
The following observation is an immediate consequence of Proposition 3.8.
then the induced mapf : P(G) → P(H)
takes α-generated polars to α-generated polars.
We conclude this section by presenting the topological analogue of Proposition 3.7.
Ò Ø ÓÒ× Ò Ê Ñ Ö × 3.10º Recall that R(X) stands for the set of regular closed sets of X.
It is well known that the map which takes A →Ã is a Boolean isomorphism. If K(X) denotes a subalgebra of R(X) we denote the collection of all theÃ, with A ∈ K, byK. Observe thatK is a subalgebra of P(C(X)). On the other hand, for G ∈ W and P ∈ P(G) one can associate a regular closed subset of Y G as follows:
Then ρ defines an isomorphism of Boolean algebras from
Observe that when G = C(X) then ρ is the inverse of the map A →Ã.
where ρ is the Boolean isomorphism (between the Boolean algebra of polars and the Boolean algebra of regular closed sets), and C(τ ) is the induced Boolean map (as in Proposition 3.7). We assert thatτ = ρ · C(τ ) · ρ −1 , i.e. the above
FUNCTORIAL POLAR FUNCTIONS diagram commutes. To that end, suppose that A ∈ R(X). Then ρ
it follows that the above diagram commutes. Consequently,τ is a Boolean homomorphism.
Functorial polar functions
A functorial polar function, abbreviated fpf, is a polar function X with the feature that whenever f : G → H ∈ W ∞ , then the mapf :
Examples 4.1.
(a) For G ∈ W let P ω (G) denote the subalgebra that is generated by the principal polars of G. Then P ω is an invariant functorial polar function that is idempotent.
Throughout items (b) and (c), α denotes a regular uncountable cardinal or ∞.
(b) Let P α be the polar function which computes for each G the subalgebra generated by the α-generated polars of G. Then P α is an invariant functorial polar function which is not idempotent for α < ∞.
(c) Let P α α be the polar function that returns the subalgebra of P(G) consisting of all the α-generated polars with α-generated compliments. Then P α α is an invariant functorial polar function which is idempotent.
In order to demonstrate how functorial polar functions give rise to reflections we examine when a complete map can be lifted over a X -splitting extension. 
ÈÖÓÔÓ× Ø ÓÒ 4.2º If X is a fpf and f : G → H ∈ W ∞ , then there exists a unique f ∈ W ∞ such that
Define f according to the following assignment:
. Let us demonstrate that f is well defined. Since f * is well defined, it suffices to prove that for every
, as projections on polar complements in H e are unique. Observe that this defines f unambiguously, and by Propositions 3.2 and 3.4, it follows that f is the unique W ∞ -morphism for which the diagram commutes.
It seems natural to inquire as to whether it is possible to extend complete maps over transfinitely iterated functorial polar functions.
Ì ÓÖ Ñ 4.3º Let X be a fpf and β be any ordinal. If
P r o o f. First, observe that when β = 1, then X 1 = X and the result then follows from Proposition 4.2. Next, suppose that β is an ordinal and that for each ordinal τ < β there exists an f τ such that
commutes. Now consider the following cases:
(i) β is a limit ordinal: by Proposition 2.3,
(ii) β has a predecessor: by Proposition 2.3,
The existence of f β , for each β, has been demonstrated by transfinite induction. By Propositions 3.2 and 3.4, it follows that f β is the unique W ∞ -morphism for which the diagram commutes. 
Examples and Remarks 4.6º
(a) As demonstrated in [M02a] for G ∈ W, G[P ω ] is the projectable hull of G. By Theorem 4.5, P(ω) (the class of projectable W-objects) is an epireflective subcategory of W ∞ . It is worth noting that the epireflective feature of P(ω) also follows from Proposition 4.2 and the observation that P ω is an idempotent polar function.
In the following two examples α denotes a regular uncountable cardinal or ∞.
α ] (where P b α denotes the limit polar function of the ipf P α ) is the α-projectable hull of G (see [M02a] ). By Theorem 4.5, P(α) (the class of α-projectable W-objects) is an epireflective subcategory of W ∞ .
(c) As demonstrated in [M02a] , P α α is the ipf that generates the hull class consisting of α-splitting -groups (that is, the class of -groups of the form G[P The reader should observe that the class of α-projectable -groups is not a reflective subcategory of W (see [HM97] ). For the record, we formally state the result of items (a) and (b) from Example 4.6.
ÓÖÓÐÐ ÖÝ 4.7º If ω ≤ α ≤ ∞ is regular, then P(α) is an epireflective subcategory of W ∞ .
As in the case of polar functions, there is a topological dual associated to all of this. This leads us to our next topic functorial covering functions.
Functorial covering functions
A functorial covering function, abbreviated fcf, is a covering function K with the feature that whenever τ : Y → X ∈ CmpT 2,∞ , then the mapτ :
Before proceeding to the examples, we first describe the relationship between functorial polar functions and functorial covering functions. The reader may want to review the terminology of 3.10.
Ò Ø ÓÒ 5.1º ([M02a] ) Let X be a polar function and K be a covering function. If for each compact space X we have that ρ(X (C(X))) = K(X), then we say that K is derived from X . We shall refer to K as the covering derivative of X , and write K = ρ(X ). The reader should observe that [M02a, Proposition 5.7] ensures that whenever X is invariant then so is its covering derivative. However, the converse fails to be true (see [M02a] ).
ÈÖÓÔÓ× Ø ÓÒ 5.2º
If X is a fpf and K = ρ(X ), then K is a fcf. P r o o f. Suppose that τ : Y → X ∈ CmpT 2,∞ , and let A ∈ K(X). Recall that
Since K = ρ(X ) and ρ is an isomorphism, it follows that ρ −1 (A) ∈ X (C(X)). But (b) For X ∈ CmpT 2 define R α (X) to be the subalgebra generated by the closure of α-cozerosets. One can easily verify that R α (X) = ρ(P α ). Consequently, R α is a functorial covering function.
The following proposition is the topological analogue of Proposition 4.2.
ÈÖÓÔÓ× Ø ÓÒ 5.4º If K is a fcf, and τ : Y → X ∈ CmpT 2,∞ , then there exists a unique skeletal map τ such that [K] . Consider the dual of the above commutative diagram
We establish that there exists a unique map
which makes the previous diagram commute. To this end, let
Since K is an fcf, it follows that
By applying the same argument to that of Proposition 4.2, it follows that there exists a unique C(τ ) such that
commutes. Dualizing once more yields that 
P r o o f. First, observe that when β = 1, then K 1 = K and the result follows from Proposition 5.4. Now suppose that β is an ordinal and that for each ordinal α < β there exists a unique skeletal map τ α such that
(i) β has a predecessor: by Proposition 2.6,
. Based on our assumption there exists a τ β−1 :
(ii) β is a limit ordinal: by Proposition 2.6, a a B B B B B B B B B B B B B B B B 
Functorial generalized polar (covering) functions
This section builds on the ideas of [M02b] , §4 and §5. The concept of a functorial polar function (resp. functorial covering function) is generalized to sublattices of polars (resp. sublattices of regular closed sets).
Let L be a function which (i) assigns to each W-object G a sublattice L(G) of P(G) that contains G, {0} and all the summands of G, and (ii) L has the feature that whenever f :
is a subalgebra, and, indeed, it is the largest subalgebra of P(G) contained in L(G). As before, Z L can be iterated to produce the least summand-inducing hull of
In order to apply the results from §4 we demonstrate how a fgpf L gives rises to a functorial polar function.
Observe that f (K)
In light of Proposition 6.2 it should be fairly evident that if L is an invariant fgpf, then Z L is an invariant fpf. Consequently, the following result should come as no surprise. As demonstrated in [M02b] when L is an invariant fgpf which is local, Z L is idempotent. Consequently, if L is an invariant fgpf which is local, then the objects of the form G[Z L ], for G ∈ W, form an epireflective subcategory of W ∞ .
Examples and Remarks 6.5º Let α denote a regular uncountable cardinal or ∞. Define L α to be the local fgpf, which assigns to each G ∈ W, L α (G), the sublattice of P(G) consisting of all α-generated polars of G. Then Z L α (G) is the subalgebra of P(G) consisting of α-generated polars with α-generated complements, and the objects of the form G[Z L α ], for G ∈ W, form an epireflective subcategory of W ∞ .
As one may have come to expect, there is a topological dual associated to all of this. Let J be a function which (i) assigns to each compact space X, a sublattice J (X) of R(X) that contains X, ∅ and all the clopen sets of X, and (ii) J (X) has the feature that whenever τ : Y → X ∈ CmpT 2,∞ , then 
